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Abstract. We prove that the elementary theory of Thompson's group F is 
hereditarily undecidable. 

M. Sapir asked whether the elementary theory of Thompson's group F is de- 
cidable [9, a part of Question 4.16]. More specifically, he asked later whether F 
first-order interprets the restricted wreath product Z wrZ. It is known that the 
elementary theory of the latter group first-order interprets the arithmetic, and is 
therefore hereditarily undecidable [S]. Recall that a first-order theory T is said to 
be hereditarily undecidable if every subtheory of T is undecidable. 

The aim of the present note is to show that F indeed first-order interprets Z wr Z, 
and hence the elementary theory of F is hereditarily undecidable. 

Let J be any closed interval of R with dyadic endpoints. The group PL^J) 
is the group of all continuous order-preserving piecewise linear maps from J into 
itself with finitely many breakpoints all occurring at dyadic rationals and with the 
slopes of their linear 'components' equal to powers of two. One of the standard 
realizations of Thompson's group F is given by the group PL2QO, 1]) (for the back- 
ground information on Thompson's group F the reader may consult [HE]-) It is 
well-known that PL 2 ([0, 1]) is generated by the following maps xq and x\. 



axo 



2a, 0$:ad, 



a+ 4 , 4 ^a^ 2 , axi S i s< <s 

2'2^"^ 1 ' 1„, 1 3 3 




4 



€ a < 1. 



Note that we write maps of PL2([0, 1]) on the right. 
By the definition, 

where n ^ 1 is a natural number. 

For any map / G PL2([0, 1]) we define 

supp(/) = (the support of /) = {a S [0, 1] : af ^ a}. 

Clearly, 

supp(/ _1 .g/) = supp(g)/ 

for all /, g G PL2([0, 1]). It follows that if maps f,g £ PL2QO, 1]) have disjoint 
supports, then they are commuting. 
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The restricted wreath product Z wr Z has the following presentation: 

Z wrZ = (a,b | {[b,a- n ba n ] :neZ}). 

The group F is 'riddled' with copies of Z wr Z, as, for instance, the results from 
[6] show. We shall demonstrate that one such a copy is given by the group G 
generated by a = Xq and b = x\x^ X (cf. ;3] where it is proved that the subgroup 
generated by Xo and xxXix^ is also isomorphic to Z wrZ.) 

Lemma 1. (i) The supports Sk of the maps a~ k ba k — Xq 2k xix^ 1 x^ k where k S Z 
are pairwise disjoint open intervals such that 

fcez 

where J is the closure of an interval J of R; 
(ii) The group G is isomorphic to Z wrZ. 

Proof, (i) A straightforward calculation shows that 

su PP (x ia;2 - i ) = Q,0 = Q,i^ 

(to calculate the products of elements of PL/2([0, 1]) we suggest the reader use the 
method of the tree diagrams, see, for instance, [U Section 1.2].) 




FIGURE 1. Graphs of the maps a~ k ba k (the graph of 6 is OABCZ, 
the graph of a^ba is OCDEZ, the graph of aba- 1 is OC'B'AZ, 
etc.) 
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Hence 

bk = supp(a ba ) — supp(x x±x 2 x ) 
for all integer numbers k. Note that 



1 2k 1 „2fe+2 

2 ' 2 ° 



and that 



Then 



lim ^x^" = 1 
hm ^"=0. 



_ r 2fe 



2fc+2 
L 



(i) [o,i] = U^=U 

feez fcez 
as required. 

(ii) By (i), the maps a~ k ba k where k runs over Z generate a free abelian group 
of infinite rank. Hence every element g of G = (a. b) is uniquely written in the form 



(2) 



a 



kez 



r k b mk a k 



where in the latter product only finitely many terms are non-trivial. The element 
b = x\Xq 1 x^ 1 xq is in the commutator subgroup F' of F. Then g is congruent to 
a m modulo F'. As F/F' = (xqF',XiF') is a free abelian group of rank two [TJ[2], 
m ^ implies that g ^ 1. If m = 0, then g = 1 if and only if all exponents are 
zeroes. Thus the generators a, b satisfy exactly the relations that are corollaries of 
those given in the presentation of the group Z wr Z above. □ 



Proposition 2. 

eters xo, x\. 



The group G is first-order definable in PL2QO, 1]) with the param- 



Proof. We are going to prove that the subgroup (a) generated by a and the subgroup 
(a~ k ba k : k € Z) are both definable in PL2QO, 1]) by means of first-order logic with 
the parameters xq and x\. This in view of the formula ([2]) will imply that G = (a, b) 
is {xq, xij-definable, completing the proof. 

Let J = [77, n] be a closed interval with dyadic endpoints. PLj^J) (resp. PL 2 '(J)) 
is the family {/} of all maps in PL2(J) such that af > a (resp. af a) for all 
a G (?7,A*)- The following result is an immediate corollary of Lemma 2.16 in [7]. 

Lemma 3. Let z G PL^J). Then for every q — 2 m where m £ Z i/iere is at most 
one map in PL2(J) commuting with z whose initial slope is q. 

By the initial slope of an / in PL2([?7, //]) we mean the right-sided limit at rj of 
the derivative of /, or, less formally, the slope of the first linear 'component' of /. 

Lemma 3 implies that the centralizer of xq in PL2QO, 1]) is the subgroup (xo) 
generated by xo: indeed, the initial slope of xo is 2 and the initial slope of a power 
x™ of Xo, obviously commuting with xq, is 2™. The powers of a — Xq are the 
squares of elements of (xo). Thus the family of powers of a is first-order definable 
in PL2QO, 1]) with the parameter Xq. It follows that the set {a~ k ba k : k £ Z} is 
definable in F with the parameters xo and x\. 

We claim that 

( a - k ba k :keZ)= C({a- k ba k : k G Z}) 
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where C(X) is the centralizer of a subset X of PL2([0, 1]). If so, the subgroup 
(a~ k ba k : k € Z) is {xq, xi}-definablc in PL2([0, 1]), being the centralizer of an 
{xq, xi}-definable set. 

Claim 4. Let k 6 Z. Then the map g k = a~ k ba k \-g where Sk = supp(a~ k ba k ) is 
in PL 2 > (S , /c ) and its intial slope is 2. 

Proof. The semi-group PL^QO, 1]) is preserved under conjugation by elements of 
PL2([0, 1]). Consequently, g\s E PL^S*), where S = supp((/), for any conjugate g 
of b, since b — xix^ 1 £ PLj'QO, 1]). 

It is easily seen that both maps a = Xq and a~ x — x^ 2 are linear on the intervals 
(0, 1/8) and (7/8, 1) and hence differentiable on these intervals. Suppose that g <E 
PL;f ([0, 1]) is differentiable at a € (0, 1/8). Then, by the Chain Rule, the derivative 
of aga -1 at the point qo -1 exists and is equal to 

(3) da " 



alg 




da 


t= ag ' dt 


t=a 





dt 

that is, to the derivative of g at a, provided that ag < 1/8 and aa" 1 < 1/8. 

By direct calculations we see that the second statement of the Claim is true for 
maps b, aba -1 , o?ba~ 2 . The support S-2 = (1/32, 1/8) of the map a 2 ba~ 2 enters the 
interval (0, 1/8). We prove the statement for all k ^ — 2 by induction: by (3), for 
any k ^ —2, the initial slope of the map a~ k ba k \s k is equal to the initial slope of the 
map a~ k+1 ba k ~ 1 \s k _ 1 ■ The argument for positive k is similar: we check directly 
that the map a~ 1 ba whose support is contained in (7/8,1) behaves as described, 
and prove the statement for all k ^ 1 by induction. □ 

Now let / 6 C({a~ k ba k : k e Z}). Then for every k e Z the restriction f k of / 
on Sk commutes with gk- By Claim 4 and Lemma [31 fk = g k k for a suitable integer 
Ik- Finally, part (i) of Lemma [1] implies that at most finitely many Ik are non-zero, 
whence 

/=II a~ k b lk a\ 
fcez 

and the result follows. □ 

Proposition 5. The elementary theory of Thompson's group F is hereditarily un- 
decidable. 

Proof. It is well-known that if a structure A4 first-order interprets with parame- 
ters a structure TV whose elementary theory is hereditarily undecidable, then the 
elementary theory of AA is too hereditarily undecidable [5]. 

According to [5], if a finitely generated almost solvable group S is not almost 
abelian, then S first-order interprets the ring of integers Z (see also 0].) It is easy 
to see that the group Z wr Z is solvable; in order to see that it is not almost abelian 
(that is, does not have normal abelian subgroups of finite index) one can work with 
the isomorphic group G — (a, b) introduced above. Suppose that ip is a surjective 
homomorphism from G onto a finite group of order n. Then 

1 = cp(a) n = <p(b)" = cp(a n ) = V {b n ). 

The elements a n , b n are not commuting, and hence the kernel of <p is not abelian. 

Thus the elementary theory of the group Z wr Z is hereditarily undecidable, for 
the elementary theory of the ring of integers is hereditarily undecidable [SJ [TU] . 
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Now, by Proposition [21 Thompson's group F first-order interprets with param- 
eters the group Z wrZ, and we are done. □ 

The authors would like to express their gratitude to Oleg Belegradek for interest- 
ing discussions and to thank Victor Guba and Mark Sapir for helpful information. 
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